Algebra over generalized rings by Haran, Shai
ar
X
iv
:2
00
6.
15
61
3v
1 
 [m
ath
.A
G]
  2
8 J
un
 20
20
Algebra over generalized rings
Shai Haran
haran@technion.ac.il
Abstract
For a commutative ring A, we have the category of (bounded-below)
chain complexes of A-modules Ch+(A-mod), a closed symmetric monoidal
category with a compatible stable Quillen model structure. The associated
homotopy category is the derived category D(A-mod), where one inverts
all the quasi-isomorphisms, and it has the good description as
(0.1) D(A-mod) = Ch+(proj-A-mod) / ≃
the chain complexes made up of projective A-module in each dimension,
and chain maps taken up to chain homotopy. We give here the analogous
theory for a (commutative) generalized ring in the sense of [4]. We use
here a different concept of “A-module” than the one used in [4] (which
was useful for the introduction of derivatives and the cotangent complex
in the arithmetical settings). We refer to the new concept as “A-Set”.
For an ordinary commutative ring A, an A-set is just an A-module in the
usual meaning, and our construction will be equivalent to D(A-mod). For
the initial object of the category of generalized rings F “the field with one
element”, we obtain the category of symmetric spectra, and the associ-
ated stable homotopy category with its smash product (an F-set is just a
pointed set, i.e. a set X with a distinguish element OX ∈ X). Thus the
analogous theories of stable homotopy and of chain complexes of mod-
ules over a commutative ring appear as two sides of the same coin, and
moreover, they appear in a context where they interact (via the forget-
ful functor and its left adjoint - the base change functor). For the “real
integers” A = Z
R
, the Z
R
-sets include the symmetric convex subsets of
R-vector spaces. We also give the global theory of the derived category of
OX -sets, for a generalized scheme X, in a way that is based on the local
projective model structure rather than follow the path of Grothendieck
[3] Jardine [7] Voevodsky [14], of using injective resolution (but inevitably
uses ∞-categories).
1 Generalized Rings cf. [4]
Let Fin0 denote the category of finite pointed sets. For a map f ∈ Fin0(X,Y ),
we have its kernel and cokernel
(1.1)
(i) Ker(f) : f−1(OY )→ X
(ii) Cok(f) : Y ։ Y/f(X)
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where Y/f(X) is obtained from Y by contracting f(X) to a point. There is a
canonical map
(1.2) f˜ : X/f−1(OY ) = CokKer(f) −→ KerCok(f) = f(X)
which is not always an isomorphism, and we let F0 denote the subcategory of
Fin0 with the same objects, but with the maps f for which f˜ is an isomorphism,
X/f−1(OY ) ∼= f(X), that is f is bijective away from OY :
(1.3) f(x1) = f(x2) 6= OY =⇒ x1 = x2.
We view F0 as the category of “finite dimensional vector spaces over the field
with one element”. We will omit the pointed element OX ∈ X for X ∈ Fin0
and we have isomorphic category Fin•, where the objects are finite sets and the
maps are partially-defined functions
(1.4)
Fin0
∼
←−→ Fin•
X 7−→ X \ {OX}
n+ := n
∐
{On} ←− [ n
We denote by F ⊆ Fin• the subcategory corresponding to F0 ⊆ Fin0. Thus F
has objects the finite sets, and the maps are the partially defined bijections
(1.5) F(m,n) =
{
f : D(f)
∼
−→ I(f), D(f) ⊆ m, I(f) ⊆ n
}
Note that the category F is self-dual, F ≃ Fop, and we have an involution
f 7→ f t, F(m,n)
∼
−→ F(n,m), taking f =
(
f : D(f)
∼
−→ I(f)
)
to
f t =
(
f−1 : I(f)
∼
−→ D(f)
)
, satisfying
(1.6) f tt = f, (f2 ◦ f1)
t
= f t1 ◦ f
t
2, (Idn)
t = Idn.
The initial and final object of F is thus the empty set ∅.
(1.7) Definition[4]: A generalized ring is a fuctor A : F → Set0, pointed
A∅ = {0}, and with operations of “multiplication” and “contraction” as
follows. For f ∈ Fin•(m,n) put Af =
∏
j∈n
Af−1(j). For b = (bj) ∈ Af ,
bj ∈ Af−1(j), we usually omit f and write “m
b
−→ n”.
(i) multiplication: An ×Af → Am
a, (bj) 7→ a✁ b
(ii) contraction: Am ×Af → An
c, (bj) 7→ c  b
For a map g ∈ Fin•(n, q), we can extend these maps fiberwise to get
(1.8) (i) multiplication: Ag ×Af → Ag◦f
a, b 7→ a✁ b, (a✁ b)i = ai ✁ (bj)f(j)=i for i ∈ q
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(ii) Contraction: Ag◦f ×Af → Ag
c, b 7→ c  b, (c  b)i = ci  (bj)f(j)=i, i ∈ q
We require these operations to satisfy the following axioms.
(1.9) Associativity: (a✁ b)✁ e = a✁ (b✁ e)
(1.10) Unit: We have 1 ∈ A[1], (with [1] denoting the set with one element):
1✁ a = a
a✁ (1)j∈n = a = a  (1)j∈n, a ∈ An.
Thus, forgetting the contraction, A is just an operad. We require the following
identities to hold (in Ak→q, where we can take q = {∗} = [1])
(1.11) Left-Adjunction: (d  c)  a = d  (a✁ c)
n
k
m
q
d
c a✁ c
a
(1.12) Right-Adjunction: d  (a  c) = (d✁ c)  a
n
k
m
q
d
c a
ac
(1.13) Left-Linear: d✁ (a  c) = (d✁ a)  c
n
m
k
q d
c
a
ac
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(1.14) Right-Linear: (d  c)✁ a = (d✁ a˜)  c˜
n
∏
m
k
n k
m
q
a˜
dc
c
c˜
d
a
Here a˜ (resp. c˜) is obtained from a (resp. c) by identifying the fibers; i.e.
denoting by f : n→ m we have
(1.15) a˜ = (a˜j) with a˜j = af(j)
It follows from the axioms that for a generalized ring A, the set A[1] is an as-
sociative (1.9), unital (1.10), but also commutative (1.14), monoid with respect
to multiplication. It has the involution
(1.16) at := 1  a, a ∈ A[1].
We denote by A+[1] the sub-monoid of symmetric element.
(1.17) A+[1] =
{
a ∈ A[1], a
t = a
}
Note that the axioms (1.11-14) imply that any formula made up of multiplication
✁, and contraction  , is equivalent to a formula with one contraction of the
form
(1.18) (a1 ✁ a2 ✁ . . .✁ am)  (b1 ✁ b2 ✁ . . .✁ bn)
A homomorphism of generalized rings ϕ : B → A is a natural transformation
ϕn : Bn → An preserving multiplication, contraction, and the unit 1 (the unit 0
is always preserved since for n = ∅, Bφ = {0} = Aφ). We thus have a category of
generalized rings GR (these are what we called “commutative-generalized-ring“
in [4], because the axiom (1.14) imply the commutativity of A[1] ).
The category GR is complete and co-complete. Limits and filtered co-limits are
formed in Set0. More general co-limits are more complicated, but we do have
push-outs
(1.19)
A1B
A0 A0 ⊗B
A1
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and in particular (categorical) sums A0 ⊗
F
A1.
We let TGR ⊆ GR denote the full subcategory with objects the generalized
rings A satisfying the ”total-commutativity“, using the notations of (1.15).
(1.20) c✁ a˜ = a✁ c˜ in An∏
m
k→m
(we can take m = {∗} = [1], so a ∈ Ak, c ∈ An, c✁ a˜ = a✁ c˜ ∈ An∏ k).
The inclusion TGR →֒ GR has a left-adjoint, A 7→ AT , where AT is the maximal
totally commutative quotient of A.
Here are some examples of totally-commutative generalized rings.
(1.21) F.
The initial object of GR, ”the field with one element“, is denoted by F,
F : F
∼
−→ F0 ⊆ Set0, Fn := n
∐
{0n} = {δi}i∈n
∐
{0n}
(1.22) F {M}.
For a commutative monoid M , we have F {M} ∈ TGR
F {M}n := (n×M)
∐
{0n}
This give a full and faithful functor M 7→ F {M} : CMon →֒ TGR
(1.23) A Commutative-rig (or a ”semi-ring“) is a set A with two associative and
commutative operations of addition +, with unit 0, and multiplication ·,
with unit 1, where x · 0 = 0 for all x ∈ A, and we have distributivity
x · (y1 + y2) = (x · y1) + (x · y2). These form a category CRig, where
the arrows are the set maps preserving the operations and the units 0, 1.
For A ∈ CRig, we have A ∈ TGR (denoted by the same letter!), with
An := A
n, and with the operations of multiplication and contratction
defined as follows:
Note that Af ≡
∏
j∈n
Af
−1(j) = A
∐
j∈n
f−1(j)
= AD(f),
(i) ✁ : An ×Af → Am
(aj)j∈n, (bi)i∈D(f) 7→ (a✁ b)i := af(i) · bi, i ∈ D(f),
:= 0, i ∈ m \D(f)
(ii)  : Am ×Af → An
(ci)i∈m, (bi)i∈D(f) 7→ (c  b)j :=
∑
i∈f−1(j)
ci · bi, j ∈ I(f)
:= 0, j ∈ n \ I(f)
This gives a full and faithfull embedding CRig →֒ TGR.
Examples of commutative-rigs, include commutative-rings, but there are
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many more examples where addition is not invertible, such as the ”tropical“
rigs
{0, 1} →֒ [0, 1] →֒ [0,∞) ≡ R+max
with the usual multiplication, and with y1 + y2 := max {y1, y2}.
(1.24) Z
R
and Z
C
We have the (maximal compact sub-topological-generalized ring), the ”real
integers“ Z
R
⊆ R (resp. the ”complex integers“ Z
C
⊆ C), given by
(Z
R
)n :=

(aj) ∈ Rn, ∑
j∈n
|aj |
2 ≤ 1


resp.
(Z
C
)n :=

(aj) ∈ Cn, ∑
j∈n
|aj |
2 ≤ 1


the unit ℓ2 − ball in Rn, resp Cn.
Remark 1.25. We prefer to work with GR, rather than TGR, since the cate-
gorical sum in GR of Z with itself, Z⊗
F
Z, is a very interesting object, while the
categorical sum in TGR reduces to the ordinary integer: (Z⊗
F
Z)T
∼
−→ Z (and
so the ”Arithmetical surface“ reduces to its diagonal, as it does with ordinary
rings).
Definition 1.26. We define the ”commutative“ generalized rings CGR to be the
intermediate full sucategory
TGR ⊆ CGR ⊆ GR
where A ∈ GR is commutative if for a, b ∈ An, c, d ∈ Am (xi,j) ∈
(
A[1]
)m∏n
,
we have (in A[1]):
(1.27) (a✁ d˜✁ (xi,j))  (b✁ c˜) = (d✁ a˜✁ (xi,j))  (c✁ b˜)
2 A-sets
Definition 2.1. For A ∈ CGR, an A-set is a pointed set M ∈ Set0 together
with an A-action: For each n ∈ F we have maps
An ×Mn ×An −−→M
(b,mj, d) 7−−→ 〈b,m, d〉n
These maps are required to satisfy the following axioms:
Associativity: For a map f ∈ Set•(m,n), for b, d ∈ An, b′, d′ ∈ Af ,
〈b✁ b′,mi, d✁ d
′〉m = 〈b, 〈b
′
j ,mi, d
′
j〉f−1(j), d〉n
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Unit: 〈1,m, 1〉[1] = m
(i.e. we have an action of the operad A×A).
naturality: For f ∈ Set•(m,n), d ∈ An, b ∈ Am, a ∈ Af , (mj) ∈Mn,
〈b,mf(i), d✁ a〉m = 〈b  a,mj , d〉n
〈d✁ a,mf(i), b〉m = 〈d,mj , b  a〉n
Commutativity: For b, d ∈ An, b
′, d′ ∈ Am, mj,i ∈M
n×m,
〈d✁ d˜′,mj,i, b✁ b˜
′〉n×m = 〈d
′
✁ d˜,mj,i, b
′
✁ b˜〉m×n
A map ϕ : M → N of A-Set is a set map ϕ ∈ Set0(M,N), preserving the
A-action,
ϕ (〈b,mj , d〉n) = 〈b, ϕ(mj), d〉n
Thus we have the category A-Set.
Examples of A-Set
(2.2) Given a homomorphism ϕ ∈ CGR(A,B), B[1] is an A-Set:
〈b, xi, d〉n := (ϕ(b)✁ (xi))  ϕ(d), b, d ∈ An, xi ∈
(
B[1]
)n
.
(2.3) A sub-A-set of A[1] is just an ideal, cf.[4].
(2.4) For A = F we have F-set ≡ Set0, and for M ∈ Set0 there is a unique
F-action:
〈b,mj , d〉n =
{
mi if b = d = δi
0 otherwise
(2.5) For a commutative ring A ∈ CRing ⊆ CGR, we have
A-Set ≡ A-mod
the category of A-modules.
(2.6) For the real (resp. complex) integers A = Z
R
(resp. Z
C
), the ”finite-
dimensional-torsion-free“ A-Sets are the convex subsets M ⊆ Rn (resp.
M ⊆ Cn) which are symmetric u ·M ⊆M for |u| ≤ 1.
(2.7) Notation:: For M ∈ A-Set, and for m ∈M , a ∈ A[1] we write:
a ·m := 〈a,m, 1〉[1]
m · a := 〈1,m, a〉[1] = a
t ·m, at = 1  a
We have
a1 · (a2 ·m) = (a1 ✁ a2) ·m, 1 ·m = m, (a1 ·m) · a2 = a1 · (m · a2)
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The category A-Set is complete and co-complete. Inverse limits, and filtered
co-limits are formed in Set0, while co-limits and sums are more complicated.
Given a set V the free A-Set on V , AV , is given by
(2.8) AV =
(∐
n∈F
An × V
n ×An
)/
∼
where ∼ is the equivalence relation generated by naturality and commutativity.
The element of AV can be written, non-uniquely, as
〈b, v, d〉n, b, d ∈ An, v ∈ V
n.
For M ∈ A-Set, we have
(2.9)
Set(V,M) ≡ A-Set(AV ,M)
ϕ 7→ ϕ˜ (〈b, v, d〉n) = 〈b, ϕ(v), d〉n.
When V = {v0} is a singleton, A{v0} ≡ A[1] · v0, and the free A-Set on one
generator is just A[1].
Given a homomorphism ϕ ∈ CGR(B,A), we have an adjunction (we use ”geo-
metric“ notation):
A-set
B-set
ϕ∗ϕ∗(2.10)
where ϕ∗N ≡ N with the B-action 〈b,mj, b′〉n := 〈ϕ(b),mj , ϕ(b′)〉n. The left
adjoint is ϕ∗M =
(∐
n
An ×Mn ×An
)/
∼, where ∼ is the equivalence relation
generated by naturality, commutativity, and B-linearity:
〈a, 〈bj ,mi, b
′
j〉f−1(j), a
′〉n = 〈a✁ ϕ(b),mi, a
′
✁ ϕ(b′)〉m
for f ∈ Set(m,n), a, a′ ∈ An, b, b′ ∈ Bf .
In particular, for B = F and φ ∈ CGR(F, A) the unique homomorphism, φ∗ is
just the functor forgetting the A-action, and for V ∈ Set0 φ∗V = AV \〈0〉 is the
free A-set on V \ {0}.
For M,N,K ∈ A-set, let the ”bilinear maps“ be defined by
(2.11)
BilA(M,N ;K) =
{
ϕ : M ∧N → K, ϕ (〈a,mj , a′〉, n) = 〈a, ϕ(mj ∧ n), a′〉,
ϕ (m, 〈a, nj , a′〉) = 〈a, ϕ(m ∧ nj), a′〉
}
It is a functor in K, and as such it is representable
(2.12) BilA(M,N ;K) ≡ A-set(M ⊗A N,K)
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Where M ⊗A N is the free A-Set on M ∧ N modulo the equivalance relation
generated by the A-bilinear relations, and where ⊗ : M ∧N →M ⊗A N is the
universal A-bilinear map. The elements ofM⊗AN can be written, non-uniquly,
as 〈a,mj ⊗ nj , a′〉n. We thus get a bi-functor
(2.13) _⊗A _ : A-Set×A-Set→ A-Set
giving a symmetric monoidal structure on A-Set, with unit A[1].
This symmetric monoidal structure on A-Set is closed,
(2.14) A-Set(M ⊗A N,K) ≡ A-Set(M,HomA(N,K))
with the internal Hom functor
HomA(_,_) : (A-Set)op ×A-Set→ A-Set
HomA(M,N) := A-Set(M,N)
where the A-action on HomA(M,N) is given by
〈b, ϕj , d〉n(m) := 〈b, ϕj(m), d〉n, b, d ∈ An, ϕj ∈ HomA(M,N) m ∈M.
This in itself is a map of A-Set because of commutativity, and all the other
properties (§(2.1): associativity, unit, naturality, commutativity) follow from
their validity in N .
The tensor product commute with extension of scalars: for ϕ ∈ CGR(B,A),
and for M,N ∈ B-Set, we have
ϕ∗(M ⊗B N) ∼= ϕ
∗M ⊗A ϕ
∗N
ϕ∗B[1] ∼= A[1]
We have therefore also the adjunction formula
(2.15) ϕ∗HomA(ϕ∗M,N) ∼= HomB(M,ϕ∗N)
The tensor product is distributive over sums,
(2.16) M ⊗A
(∐
i
Ni
)
∼=
∐
i
(M ⊗A Ni) .
and more generally commutes with colimits.
3 Simplicial A-Set, A-Set
We denote by  the simplicial category of finite ordered sets
[n] = {0 < 1 < · · · < n}, and monotone maps, and we let  = op denote
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the opposite category. We denote by A-Set ≡ (A-Set)
op
the category of sim-
plicial objects in A-Set. It has objects M = (Mn)n≥0 ∈ (Set0)

op
, pointed
simplicial sets, with an A-action in each dimension n ≥ 0,
(3.1)
Am × (Mn)
m ×Am →Mn
(a,mi, a
′) 7→ 〈a,mi, a′〉m
compatible with the simplicial operations:
(3.2)
for ℓ ∈ (n, n′), ℓ∗ : Mn′ →Mn satisfies
ℓ∗(〈a,mi, a′〉m) = 〈a, ℓ∗(mi), a′〉m
The category A-Set is complete and co-complete.
Remark 3.3. More generally, we have the category of simplicial-commutative-
generalized-rings CGR, and for A = (An)n≥0 ∈ CGR
 we have the category of
simplicial A-sets A-Set, with objects the pointed simplicial sets M = (Mn)n≥0,
with compatible An-action in dimension n ≥ 0, i.e. for m ∈ F,
Anm × (Mn)
m ×Anm →Mn
(a,mi, a
′) 7→ 〈a,mi, a
′〉nm
and for ℓ ∈ (n, n′),
ℓ∗
(
〈a,mi, a
′〉n
′
m
)
= 〈ℓ∗(a), ℓ∗(mi), ℓ
∗(a′)〉nm.
While CGR are important for ”derived-arithmetical-geometry“, we shall con-
centrate here on CGR, to keep the notation simpler.
The category A-Set inherits a closed symmetric monoidal structure,
(3.4)
_ ⊗A _ : A-Set
 ×A-Set → A-Set(
M. ⊗A N.
)
n
:= Mn ⊗A Nn
(3.5)
HomA (_,_) :
(
A-Set
)op
×A-Set → A-Set
HomA(M., N.)n := A-Set
(M. ⊗ φ∗A(∆(n)+), N.)
In particular, the category A-Set is tensored, co-tensored and enriched over
pointed simplicial sets. Denoting by φA ∈ CGR(F, A) the unique map, we have
for M. ∈ A-Set
, K. ∈ F-Set
 ≡ (Set0)

op
,
(3.6)
(i) M. ⊗K. := M. ⊗A φ
∗
AK.
(ii) MK.. := Hom

A (φ
∗
AK.,M.)
(iii) MapA (N.,M.) := φA∗Hom

A (N.,M.) ∈ Set

0
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The category A-Set has a simplicial, cellular, Quillen model structure given
by cf.[9].
(3.7)
(i) Fibrations: FA ≡ φ−1∗ (FF), FF ≡ Kan fibrations.
(ii) Weak-equivalence: WA ≡ φ−1∗ (WF), WF ≡


Weak-
equivalence
of (pointed)
simplicial
sets


(iii) Cofibrations: CA ≡ L(WA ∩ FA), the maps satisfy-
ing the left lifting
property with re-
spect to the trivial
fibrations.
The cofibrations can also be characterized as the retracts of the free maps, where
a map f : M. → N. is free if there exists subsets Vn ⊆ Nn with ℓ∗(Vn′) ⊆ Vn for
all surjective ℓ ∈ (n, n′), and such that fn induces isomorphism
(3.8) Mn
∐
φ∗A(Vn)
∼
−→ Nn
where φ∗A(Vn) is the free A-Set on Vn. This model structure is cofibrantly
generated
(3.9)
(i) FA ≡ R
{
φ∗A(Λ
k
n+)→ φ
∗
A
(
∆(n)+
)}
0≤k≤n>0
(ii) WA ∩ FA ≡ R {φ
∗
A(∂∆(n)+)→ φ
∗
A (∆(n)+)}n>0
Where R {_} are the map satisfying the Right lifting property w.r.t.{_}.
The model structure is compatible with the symmetric monoidal structure:
For {i. : N. → N ′.} , {j. : M. →M
′
.} in CA, we have
(3.10) i.j. : (N. ⊗A M
′
. )
∐
N.⊗AM.
(
N ′. ⊗

A M.
)
−→ N ′. ⊗

A M
′
.
is also in CA, and moreover, if i. is in WA, also i.j. is in WA. To see this
compatibility of the monoidal and model structures, we may assume i. and j.
are free
Nn
∐
φ∗A(Vn)
∼
−→ N ′n, Mn
∐
φ∗A(Wn)
∼
−→M ′n
and than
(3.11)
(
Nn ⊗A M
′
n
∐
Nn⊗AMn
N ′n ⊗A Mn
)∐
φ∗A(Vn)⊗Aφ
∗
A(Wn)
∼
−→ N ′n⊗AM
′
n
and since φ∗A(Vn)⊗A φ
∗
A(Wn) ≡ φ
∗
A(Vn
∏
Wn), we see that i.j. is also free.
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A homomorphism ϕ ∈ CGR(B,A) induces a Quillen adjunction,
(3.12)
A-Set
B-Set
ϕ∗ϕ∗
When A is a commutative ring, we have by the Dold-Kan correspondence
A-Set ∼= Ch≥0(A-mod), and the model structure on A-Set
 corresponds to
the projective model structure on Ch≥0(A-mod), which embeds in the stable
model structure Ch+(A-mod). For general A, the model structure on A-Set
 is
not stable, and we shall stabilize it, (preserving the symmetric monoidal struc-
ture), using (symmetric) spectra.
4 Symmetric Spectra: S ·A-mod (cf.[5])
Let Σn denote the symmetric group on n letters, and let Σ. =
∐
n≥0
Σn denote
the category of finite bijection. The category Σ. is equivalent to the category
(4.1) Iso(F) ≡ Iso(Fin0) ≡ Iso(Fin)
The category of symmetric sequences in A-Set is
(4.2) Σ(A) ≡
(
A-Set
)Σ.
≡ (A-Set)Σ.× ∼= (A-Set)Iso(F)×
op
It has objectsM · = {Mn}n≥0, withM
n ∈
(
A-Set
)Σn
a simplicial- A-Set with
an action of Σn. The category Σ (A) is complete and co-complete.
The category Σ (A) has a closed symmetric monoidal structure
(4.3)
_⊗Σ(A) _ : Σ (A)× Σ(A)→ Σ(A)(
M• ⊗Σ(A) N
•
)n
:=
∐
p+q=n
Σn ×
Σp×Σq
(
Mp ⊗A N
q
)
Here the induction functor is the left adjoint of the forgetfull functor
(A-Set)×Σn →
(
A-Set
)Σp×Σq
,
and is given by
Σn ×
Σp×Σq
(M) :=
∐
Σn/Σp×Σq
M
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Equivalently, writing M ·, N · ∈ Σ(A) as functor Iso(Fin)→ A-Set we have
(4.4)
(
M · ⊗Σ(A) N
·
)n
:=
∐
n=n0
∐
n1
Mn0 ⊗A N
n1
the sum over all decomposition of n as a disjoint union of subsets n0, n1 ⊆ n.
The unit of this monoidal structure is the symmetric sequence
(4.5) 1A :=
(
A[1], 0, 0, 0, . . .
)
Remark 4.6. Note that this monoidal structure is symmetric,
TM ·,N · : M
· ⊗Σ(A) N
· ∼= N · ⊗Σ(A) M
·
This symmetry is clear in the formula (4.4), Mno ⊗A N
n1 ∼= Nn1 ⊗A M
n0 but
in formula (4.3), the symmetry isomorphisms
Σn ×
Σp×Σq
(
Mp ⊗A N
q
)
∼= Σn ×
Σq×Σp
(
N q ⊗A M
p
)
involves the (p, q)-shuffle ωp,q ∈ Σn that conjugates Σp × Σq to Σq × Σp.
The internal Hom is given by
(4.7)
HomΣ(A)(_,_) : Σ(A)op × Σ(A)→ Σ(A)
HomΣ(A)(M ·, N ·)n :=
∏
k≥0 Hom

A(M
k, Nk+n)
Σ(A)(M · ⊗Σ(A) N
·,K ·) ∼= Σ(A)
(
M ·,HomΣ(A)(N ·,K ·)
)
For a homomorphism ϕ ∈ CGR(B,A), we have adjunction
(4.8)
Σ(A)
Σ(B)
ϕ∗ϕ∗
and ϕ∗ is strict-monoidal
(4.9) ϕ∗
(
M · ⊗Σ(B) N
·
)
∼= ϕ∗(M ·)⊗Σ(A) ϕ
∗(N ·), ϕ∗ (1B) ∼= 1A.
The categogry Σ(F) ≡ (Set0)Σ.×
op
is the usual category of symmetric sequence
of pointed simplicial set, and in particular contains the sphere-spectrum:
(4.10) S·
F
:=
{
Sn = S1 ∧ · · · ∧ S1︸ ︷︷ ︸
n
}
n≥0
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with the permutation action of Σn on Sn. The sphere-spectrum is a monoid
object of Σ(F), with multiplication
(4.11)
m : S·
F
⊗Σ(F) S
·
F
→ S·
F
m(Sn ⊗
F
Sm) ≡ m(Sn ∧ Sm) ≡ Sn+m
Note that it is a commutative monoid, m = m ◦ TS·
F
,S·
F
, cf. remark (4.6).
The unit is given by the embedding
(4.12) ε : 1
F
≡
(
F[1], 0, 0, . . .
)
≡
(
S0, 0, 0, . . .
)
→֒ S·
F
We write S·A = φ
∗
AS
·
F
for the corresponding commutative monoid object of
Σ(A). We let S·A-mod ⊆ Σ(A) denote the sub-category of S
·
A-modules, this
is the category of “symmetric spectra”. It has objects the symmetric sequences
M · = {Mn} ∈ Σ(A), thogether with associative unital S·A-action
S·A ⊗Σ(A) M
· m−→ M ·, or equivalently, associative unital, Σp × Σq →֒ Σp+q
covariant, action Sp∧M q →Mp+q. The maps in S·A-mod are the maps in Σ(A)
that preserve the S·A-action. The category S
·
A-mod is complete and co-complete.
The category S·A-mod has a closed symmetric monoidal structure
(4.13)
_⊗S·
A
_ : S·A-mod× S
·
A-mod→ S
·
A-mod
M · ⊗S·
A
N · := Cok
{
M · ⊗Σ(A) S
·
A ⊗Σ(A) N
·
m⊗idN·−−−−−→
−−−−−→
idM·⊗m
M · ⊗Σ(A) N
·
}
The unit is
(4.14) S·A :=
{
φ∗AS
0, φ∗AS
1, . . . , φ∗AS
n, . . .
}
.
The internal Hom is given by
(4.15)
HomSA(_,_) : (S
·
A-mod)
op × S·A-mod→ S
·
A-mod
HomSA(M
·, N ·) := Ker
{
HomΣ(A)(M ·, N ·)⇒ HomΣ(A)
(
S·A ⊗
Σ(A)
M ·, N ·
)}
.
(4.16) SA-mod
(
M · ⊗S·
A
N ·,K ·
)
≡ SA-mod
(
M ·,HomS·
A
(N ·,K ·)
)
The category S·A-mod is tensored, co-tensored, and enriched over pointed sim-
plicial sets F-Set : For K ∈ F-Set, M · ∈ SA-mod, we have M ·⊗K, (M ·)
K ∈
S·A-mod where
(4.17) (M ⊗K)n = Mn ⊗
F
K = Mn ∧K
(4.18)
(
M ·
K
)n
= (Mn)
K ≡ F-Set (K ∧∆(_)+,M
n)
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The enrichment is given via the mapping space
(4.19) MapS·
A
(M ·, N ·)n ≡ S
·
A-mod (M
· ⊗∆(n)+, N
·) ∈ F-Set ≡ (Set0)

op
We have the adjunctions,
(4.20)
S·A-mod (M
· ⊗K,N ·) ≡ S·A-mod
(
M ·, (N ·)
K
)
≡ F-Set
(
K,MapS·
A
(M ·, N ·)
)
S·A-mod
F-set
MapS·A (M
·,_)M ·⊗_
(4.21)
MapS·A (M
· ⊗K,N ·) ≡ MapS·A
(
M ·, (N ·)K
)
≡ MapS·
A
(M ·, N ·)
K
Taking K = MapS·
A
(M ·, N ·), the idMap(M ·,N ·) ∈ MapS·
A
(M ·, N ·)K , on r.h.s.
(4.21) corresponds to the evaluation map on l.h.s (4.21)
(4.22) evM ·,N · : M
· ⊗
F
MapS·
A
(M ·, N ·)→ N ·
Taking K = Map (M ·, L·)⊗
F
Map (L·, N ·), the map
evL·,N · ◦
(
evM ·,L· ⊗ idMap(L·,N ·)
)
on the ℓ.h.s of (4.21) corresponds to the composition map, on r.h.s.
(4.23) compL· : Map(M
·, L·)⊗
F
Map(L·, N ·)→ Map(M ·, N ·)
which is associative and unital.
We have the embedding
(
A-Set
)Σn
→֒ Σ(A), M 7→ M [n], and the following
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adjunctions
(4.24)
S·A-mod
(
A-Set
)Σn
A-Set
M ·
Mn
U
Evn
S·A ⊗Σ(A) M [n]
M
Σn ×M =
∐
Σn
M
M
HomΣ(A)(S·A,M [n])
M
MΣn =
∏
Σn
M
M
The “free-S·A-module of level-n” on M ∈ A-Set
 is the composition of the left
adjoints of (4.24),
(4.25)
Fn (M) := S
·
A⊗Σ(A)(Σn ×M) [n] =
(
0, . . . , 0,Σn ×M, . . . ,Σn+p ×
Σp
Sp ⊗M, . . .
)
.
We have the projective model structure on S·A-mod, compatible with the sym-
metric monoidal structure,
(4.26)
Fibrations: FlevS·
A
= {f · ∈ S·A-mod(M
·, N ·), fn ∈ FA all n ≥ 0}
Weak equivalences: WlevS·
A
= {f · ∈ S·A-mod(M
·, N ·), fn ∈WA all n ≥ 0}
Cofibrations: CS.
A
= L
{
WlevS·A
∩ FlevS·A
}
It is left proper, simplicial, cofibrantly generated by
(4.27)
J =
∐
m≥0
n≥1
Fm (φ
∗
A∂∆(n)+ →֒ φ
∗
A∆(n)+)
I =
∐
m≥0
0≤k≤n≥1
Fm
(
φ∗AΛ
n
k+
→֒ φ∗A∆(n)+
)
Amap f · ∈ S·A-mod (M
·, N ·) is a cofibrantion, f ∈ CS·
A
, if and only ifEvn (f ·j) :
Mn
∐
LnM · L
nN · → N · is in CA and Σn acts freely away from its image, for
all n ≥ 0, where the ”latching functor“ Ln is
(4.28) LnM · = Evn
(
M ⊗Σ(A)
(
S·A/S
0
A
))
=
∐
0≤k<n
Σn ×
Σk×Σn−k
(
Mk ⊗A S
n−k
A
)
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We say M · ∈ S·A-mod is an Ω-spectrum, or a fibrant object M
· ∈ (S·A-mod)F if
M · is levelwise fibrant, and if the adjoint of the action map
m1,n : S1A ⊗

A M
n →Mn+1
is a weak equivalence
(4.29)
(
m1,n
)♮
: Mn
∼
−→ Hom∇A
(
S1A,M
n+1
)
= (Mn+1)S
1
:= ΩMn+1
The stable model structure on S·A-mod is a Bousfield localization of the projec-
tive model structure, having the same cofibrantions, but with the fibrant objects
being (S·A-mod)F
(4.30)
Cofibrations: CS·
A
= L
{
WlevS·A
∩ FlevS·A
}
Weak equivalences: WS·
A
=


f · ∈ S·A-mod (M
·, N ·) ,
MapS·
A
(N ·, X ·)
∼
−→ MapS·
A
(M ·, X ·) ∈W
F
for all X · ∈ (S·A-mod)F


Fibrations: FS·
A
= R
{
CS·
A
∩WS·
A
}
It is left proper, simplicial, cellular, Quillen Model structure compatible with
its symmetric monoidal structure. It is moreover stable. We let
(4.31) D(A) = Ho (S·A-mod) ∼= S
·
A-mod
[
W
−1
S·
A
]
denote the associated homotopy category, this is the derived category of A-Set.
It is a triangulated symmetric monidal category.
We have the following Quillen adjunctions
(4.32)
S·A-mod
S·A-mod
Ω_⊗
F
S1
S·A-mod
S·A-mod
rℓ
where
(rM ·)
n
:= Mn+1, rM · := HomS·
A
(F1S
◦
A,M
·)
(ℓM ·)n := Σn ×
Σn−1
Mn−1, ℓM · := F1S
◦
A ⊗S·A M
·
ΩM · := (M ·)
S1
M · ⊗
F
S1 = M · ⊗A S1A
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They induce Quillen equivalence, and we have the inverse equivalences of D(A),
(4.33) RΩ ≃ Lℓ, _⊗L
F
S1 ≃ Rr
Given a homomorphism ϕ ∈ CGR(B,A) we get an induced adjunction
(4.34)
D(A)
D(B)
Rϕ∗Lϕ
∗
and Lϕ∗ is a monoidal functor commuting with Lℓ and Rr. We have the ad-
junction formula for M · ∈ D(B), N · ∈ D(A),
(4.35) Rϕ∗
(
RHomS·
A
(Lϕ∗M ·, N ·)
)
≡ RHomS·
B
(M ·,Rϕ∗N
·)
5 Global theory
For A ∈ GR, commutative or not, the sub-A-sets of A[1] are the ideals of
A. Such an ideal I ⊆ A[1] is called a +ideal if it is generated as an ideal by
its subset of symmetric elements I+ = I ∩ A+[1] = {a ∈ I , a
t = a}. A +ideal
p ⊆ A[1] is called +prime if the set Sp = A
+
[1] \ p is multiplicatively closed.
The set of +primes of A, spec+(A), is a compact (every open cover has a finite
subcover), Sober or Zariski (every closed irreducible subset has a unique generic
point) topological space with closed subsets V +(I) := {p ⊇ I}, I a +ideal, and
basic open subset D+(s) := {p 6∋ s}, s = st ∈ A+[1]. By localization one obtains
a sheaf OA of GR over spec+(A), with stalks OA|p ∼= Ap = S
−1
p A, and with
sections OA (D+(s)) ∼= A
[
1
s
]
, cf. [4].
A generalized scheme (X,OX) ∈ GSch, is a topological space X , a sheaf of
generalized rings OX over X , with local stalks, and we have an open cover
X =
⋃
i∈I
Ui, with (Ui,OX |Ui) ∼= spec
+ (OX(Ui)). We can take I = Aff/X , the
collection of all affine open subsets of X , and we view Aff/X as a category with
respect to inclusions. We denote by φV,U : OX(U) → OX(V ) the restriction
homomorphism for V ⊆ U , φW,V ◦ φV,U = φW,U , φU,U = idOX (U).
We shall assume all OX(U) are commutative (1.26).
Definition 5.1. A pre-OX -set (resp. pre-OX -Set
, pre-Σ(OX), pre-S.OX -mod)
is an assignment for each open U ⊆ X of an OX(U)-SetM(U) (resp. OX(U)-Set
,
Σ (OX(U)), S
·
OX(U)
-mod) and for V ⊂ U , an OX(U)-map rV,U : M(U) →
M(V ), where M(V ) is acted on by OX(U) via φV,U , and rW,V ◦ rV,U = rW,U ,
rU,U = idM(U).
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The maps are the natural transformations commuting with the OX -action
(resp. and with the simplicial ; symmetric Σ =
∐
n
Σn; sphere S· = {Sn};
actions) so that we have categories:
(5.2)
pre-OX -Set
resp. pre-OX -Set
 ≡ (pre-OX -Set)

op
pre-S·
OX
-mod ⊆ pre-Σ (OX) ≡ (pre-OX -Set)

op×
∐
n
Σn
All these categories are complete and co-complete (limits and colimits are cre-
ated sectionwise over open subsets). They have a closed symmetric monoidal
structure defined sectionwise which we shall denote by ⊗˜OX (resp. ⊗˜OX ;
⊗˜Σ(OX ) ; ⊗˜S•OX
),
(5.3) (M⊗˜OXN)(U) := M(U)⊗OX(U) N(U)
The internal Hom will be denoted by HomOX (resp. Hom

OX
; HomΣ(OX ) HomS·OX
)
and is defined as the equalizer
(5.4)
HomOX (M,M
′) (U) −−→
∏
V⊆U
HomOX (V) (M(V),M
′(V)))
−−−→
−−−→
∏
W⊆V⊆U
HomOX (V) (M(V),M
′(W))
{ϕV} 7−−−→7−−−→
ϕW ◦ rW,V
r′
W,V ◦ ϕV
We have the full subcategories of sheaves
(5.5)
OX -Set ⊆ pre-OX -Set
resp. OX -Set
 ⊆ pre-OX -Set

Σ(OX) ⊆ pre-Σ(OX)
S·
OX
-mod ⊆ pre-S·
OX
-mod
where a pre-sheaf M(U) is a sheaf if for all open covers U =
⋃
i∈I
Ui,
(5.6)
M(U) −−→
∏
iM(Ui)
−−−→
−−−→
∏
i0,i1
M (Ui0 ∩ Ui1)
{mi} 7−−−→7−−−→
rui0∩ui1 ,ui0 (mi0)
rui0∩ui1 ,ui1 (mi1)
is an equalizer. The above embeddings of categories (5.5) have left-adjoints
M 7→M ♮ the sheafification functor. These subcategories of sheaves are complete
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(limits are created at the pre-sheaf level), and cocomplete (colimits are obtained
via the pre-sheaf colimit followed by sheafification).
The categories of sheaves are closed symmetric monoidal via
(5.7)
M ⊗OX N :=
(
M⊗˜OXN
)♮
(using sheafification)
HomOX (M,N) := HomOX (M,N)
Notice that the internal pre-sheaf Hom of two sheaves is also a sheaf.
Given a map of generalized schemes f ∈ GSch (X,Y ), we get adjunctions
(5.8)
OX -Set
OY -Set
f∗f
∗
OX -Set

OY -Set

f∗f
∗
Σ(OX)
Σ(OY )
f∗f
∗
S·
OX
-mod
S·
OY
-mod
f∗f
∗
satisfying the usual properties, such as the existence of canonical equivalences
(5.9)
(g ◦ f)∗
∼
−−→ g∗ ◦ f∗ (g ◦ f)
∗ ∼−−→ f∗ ◦ g∗
f∗ (M ⊗OY N)
∼
−−→ f∗M ⊗OX f
∗N
f∗HomOX (f
∗M,N)
∼
−−→ HomOY (M, f∗N) .
Given A ∈ CGR, S ⊆ A+[1] a multiplicative subset, andM ∈ A-Set, we can local-
ize M to obtain S−1M ∈ S−1A-Set in the usual way: S−1M := (M × S) / ≃,
with the equivalence relation ≃ given by
(5.10) (m1, s1) ≃ (m2, s2) if s · s2 ·m1 = s · s1 ·m2 for some s ∈ S.
We denote by m/s the equivalence class of (m, s).
The functor M 7→ S−1M commutes with colimits, finite-limits, tensor products
and Hom’s. We obtain a functor
(5.11)
A-Set −֒−−→ OA-Set
M 7−−−→M ♮
M ♮ :=
{
σ : U →
∐
p∈U S
−1
p M, σ(p) ∈ S
−1
p M, locally constant
}
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where σ is locally constant if for all p ∈ U , there is a neighborhood p ∈ D+(s) ⊆
U , and m ∈M such that for q ∈ D+(s), σ(q) ≡ m/s ∈ S−1q M .
This functor prolongs naturally to functors
(5.12)
A-Set −֒−−→ OA-Set

Σ(A) −֒−−→ Σ(OA)
S·A-mod −֒−−→ S
·
OA
-mod
M 7−−−→M ♮
We have an identification of the stalk of M ♮ at p ∈ spec+(A),
(5.13)
M ♮
∣∣∣
p
= lim
−−−→
U∋p
M ♮(U)
∼
−−→ S−1p M := Mp
(σ, U) / ∼ 7−−→ σ(p)
Moreover, we have the identification of the global sections of M ♮ over an affine
basic open subset D+(s) ⊆ spec+(A),
(5.14) Ψ : M [1/s] :=
{
sN
}−1
M
∼
−−→M ♮ (D+(s))
m
sn 7−−→ σ(p) ≡
m
sn ∈ S
−1
p M
Proof. The map Ψ which takes m/sn ∈ M [1/s] to the constant section σ with
σ(p) ≡ m/sn for all p ∈ D+(s) is well defined and is a map of A[1/s]-Sets.
Ψ is injective: Assume Ψ(m1/sn1) = Ψ (m2/sn2). Let I denote the +ideal
generated by
{
a ∈ A+[1], a · s
n2 ·m1 = a · sn1 ·m2
}
. We have
(5.15) m1/sn1 = m2/sn2 ∈ Ap for all p ∈ D+(s)
⇒ sp · sn2 ·m1 = sp · sn1 ·m2 with sp ∈ A
+
[1] \ p, all p ∈ D
+(s)
⇒ I 6⊆ p, all p ∈ D+(s)
⇒ V +(I) ∩D+(s) = ∅
⇒ V +(I) ⊆ V + (s)
⇒ sn ∈ I for some n > 0
⇒ sn · sn22 ·m1 = s
n · sn11 ·m2
⇒ m1/sn1 = m2/sn2 in M [1/s]
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Ψ is surjective: Fix σ ∈ M ♮ (D+(s)). We get a covering by basic open subsets
on which σ is constant,
(5.16) D+(s) = D+(s1) ∪ . . . ∪D+(sN ), σ(p) ≡ mi/si for p ∈ D+(si).
On the subsets D+(sisj) = D+(si) ∩ D+(sj) we have mi/si = mj/sj, and by
the injectivity of Ψ : (sisj)n · sj ·mi = (sisj)n · si ·mj (with one n which works
for all i, j ≤ N). Replacing sni ·mi by mi, and s
n+1
i by si, we may assume σ
is given by mi/si on D+(si), and moreover for all i, j ≤ N : sj ·mi = si ·mj .
Since D+(s) ⊆
⋃
i
D+(si), we have for some k > 0, b, d ∈ Aℓ, j : ℓ→ {1, . . . , N},
(5.17) sk =
(
b✁ sj(x)
)
 d
Define m ∈M by
(5.18) m :=
〈
b,mj(x), d
〉
We have for i = 1, . . . , N
(5.19)
si ·m = si ·
〈
b,mj(x), d
〉
=
〈
b, si ·mj(x), d
〉
=
〈
b, sj(x) ·mi, d
〉
=
〈
b✁ sj(x),mi, d
〉
=
〈
(b✁ sj(x))  d,mi, 1
〉
= sk ·mi
Thus mi/si = m/sk in M [1/s] and the section σ is constant σ = Ψ(m/sk), and
Ψ is serjective.
Given a generalized scheme X , we have the full subcategories of “quasi-
coherent” sheaves
(5.20)
q.c.OX -Set ⊆ OX -Set
resp., q.c.OX -Set
 ⊆ OX -Set

q.c.Σ (OX) ⊆ Σ (OX)
q.c.S·
OX
-mod ⊆ S·
OX
-mod
where an object M is quasi-coherent if there is a covering of X by open affines
X = ∪ispec+(Ai), and there areMi ∈ Ai-Set (resp. Ai-Set
, Σ(Ai), S·Ai-mod),
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with M
∣∣
spec+(Ai)
∼= M
♮
i . Equivalently, for all open affine spec
+(A) ⊆ X , we
have
(5.21) M
∣∣
spec+(A)
∼= M
(
spec+(A)
)♮
.
For an affine scheme X = spec+(A) we get equivalences of categories
(5.22)
M ♮
M
q.c.OX -Set
A-Set
∼=
q.c.OX -Set

A-Set
∼=
M
M(X)
q.c.Σ(OX)
Σ(A)
∼=
q.c.S·
OX
-mod
S·A-mod
∼=
The subcategories of quasi-coherent sheaves (5.20) are closed under colimits and
finite-limits in the associated categories of sheaves, and are therefor co-complete
and finite-complete. They are also closed under the symmetric monoidal struc-
ture, so if M,N ∈ q.c.OX -Set (resp. q.c.OX -Set
; q.c.Σ(OX); q.c.S·OX -mod)
then so are M ⊗OX N (resp. M ⊗

OX
N ; M · ⊗Σ(OX) N
·; M · ⊗S·
OX
N ·) and
HomOX (M,N) (resp. Hom

OX
(M,N); HomΣ(OX )(M
·, N ·); HomS·
OX
(M ·, N ·)).
Moreover, for any affine open subset U = spec+(A) ⊆ X we have
(5.23)
M ⊗OX N
∣∣∣
U
∼= (M(U)⊗A N(U))
♮
HomOX (M,N)
∣∣∣
U
∼= HomA (M(U), N(U))
♮
and similarly for ⊗O
X
, ⊗Σ(OX), ⊗S·OX
, and HomOX , HomΣ(OX ), HomS·OX
.
For a mapping of generalized schemes f : X → Y , the functor f∗ takes quasi-
coherent OY -Sets to quasi-coherent OX -Set and we get strict-monoidal functors
(5.24)
f∗ : q.c.OY -Set −−−→ q.c.OX -Set
f∗ : q.c.OY -Set
 −−−→ q.c.OX -Set

f∗ : q.c.Σ(OY ) −−−→ q.c.Σ(OX)
f∗ : q.c.S·
OY
-mod −−−→ q.c.S·
OX
-mod
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Moreover, for affine open subsets U = spec+(A) ⊆ X , V = spec+(B) ⊆ Y , with
f(U) ⊆ V and with ϕ = f# : B → A the associated homomorphism, we have
for quasi-coherent sheaf M on Y ,
(5.25) f∗M
∣∣∣
U
∼= (ϕ∗M(V))
♮
.
Definition 5.26. A mapping of generalized schemes f : X → Y is called a
c-map (“compact and quasi-separated”) if we can cover Y by open affine subsets
(or equivalently, if for all open affine) U = spec+(B) ⊆ Y , we have that f−1(U)
is compact, so that
f−1(U) =
N⋃
i=1
Vi, Vi = spec+(Ai),
is a finite union of open affine subsets, and if moreover for i, j ≤ N , we have
Vi ∩ Vj also compact, so that
Vi ∩ Vj =
Nij⋃
k=1
Wijk, Wijk = spec+ (Aijk) .
For a c-map f : X → Y , the functor f∗ takes quasi-coherent sheaves to
quasi-coherent sheaves, so we get adjunctions
(5.27)
q.c.OX -Set
q.c.OY -Set
f∗f
∗
q.c.OX -Set

q.c.OY -Set

f∗f
∗
q.c.Σ(OX)
q.c.Σ(OY )
f∗f
∗
q.c.S·
OX
-mod
q.c.S·
OY
-mod
f∗f
∗
Indeed, for a quasi-coherent sheafM on X , we have (using the above notations)
that f∗M |U = f∗M |spec+(B) is the equalizer
(5.28)
f∗M
∣∣
U
−−−→
N∏
i=1
f∗
(
M
∣∣
Vi
)
−−−→
−−−→
∏
i,j≤N
Nij∏
k=1
f∗
(
M
∣∣
Wijk
)
and f∗
(
M
∣∣
Vi
)
=
(
f#i M(Vi)
)♮
,
f∗
(
M
∣∣
Wijk
)
=
(
f#ijkM(Wijk)
)♮
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are quasi-coherent.
For a generalized scheme X , let D(X) = Aff/X ⋉ S·-mod denote the simplicial
category with objects pairs (spec+(A),M ·), with spec+(A) ⊆ X open affine,
and M . ∈ S·A-mod. The maps are given by
(5.29) D(X)
(
(spec+(A0),M
·
0), (spec
+(A1),M
·
1)
)
= RMapS·
A0
(Lφ∗M ·1,M
·
0)
where φ : spec+(A0) −֒→ spec+(A1) denotes the inclusion (and are empty if
spec+ (A0) 6⊆ spec+(A1)). We have a forgetfull functor
(5.30) ρ : D(X) −−−→ Aff/X.
The coherent nerve of D(X) is the simplicial set N

(D(X)) ∈ Set with n
simplices
(5.31) N

(D(X))n = Cat (C(∆
n),D(X))
Explicitly, its elements are given by the data of
(5.32)
(i) (U0 ⊆ U1 ⊆ · · · ⊆ Un) ∈ Nn (Aff/X) , Ui = spec+(Ai) ⊆ X open,
(ii) M ·i ∈ S
·
Ai
-mod
(iii) For 0 ≤ i < j ≤ n, ϕij ∈ S·Ai-mod
(
Lφ∗ijM
·
j,M
·
i
)
where φij : Ui →֒ Uj denotes the inclusion, and higher coherent homotopies
given by
(5.33)
ϕτ ∈ S·Ai-mod
(
Lφ∗ijM
·
j ⊗∆(ℓ)+,M
·
i
)
for all τ = (τ0 ⊆ τ1 ⊆ · · · ⊆ τℓ) ∈ Nℓ(Pij)
(Where Pij is the set of subsets of [i, j] containing the end points).
These are required to satisfy:
(5.34) dkϕτ = ϕ(τ0⊆...τˆk...⊆τℓ)
and
(5.35)
for ℓ = 0, τ = (τ0) = {i, k1, . . . , kq, j},
ϕτ0 = ϕik1 ◦ Lφ
∗
ik1
(
ϕk1,k2 ◦ Lφ
∗
k1,k2
(
. . . ϕkq−1,kq ◦ Lφ
∗
kq−1,kq
(
ϕkq,j
)
. . .
))
Forgetting all the data but the n simplex (U0 ⊆ · · · ⊆ Un) of Aff/X gives an
inner, Cartesian and co-Cartesian, fibration of quasi-categories
(5.36) N

(ρ) : N

(D(X)) −−−→ N (Aff/X) .
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The derived category of quasi-coherent symmetric spectra D(X) = HoD(X)∞
is the homotopy category of D(X)∞ the (∞-categorical) limit of D(A)∞, where
D(A)∞ is the ∞-category of fibrant co-fibrant S·A-mod associated to D(A) =
Ho(S·A-mod), and the limit taken over all A with spec
+(A) ∈ Aff/X .
By Lurie’s straightening/unstraightening functors, [8], Corollary 3.3.3.2, this
limit D(X)∞ is equivalent to the full sub-∞-category on Cartesian sections of
the ∞-category of sections of (5.36)
(5.37)
where a section m : N (Aff/X) −−−→ N

(D(X))
N

(ρ) ◦m = id
is Cartesian iff for all n-simplex (U0 ⊆ U1 ⊆ · · · ⊆ Un) ∈ Nn (Aff/X), Ui =
spec+(Ai), the data m(U·) in the notaions of (5.32) satisfies that all the ar-
rows (iii) ϕij ∈ S·Ai-mod(Lφ
∗
ijM
·
j ,M
·
i), 0 ≤ i < j ≤ n, are weak-equivalences.
The category D(X)∞ is symmetric monoidal stable quasi-category, so D(X) is
symmetric monoidal triangulated category.
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